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Abstract. In this paper, the general linear boundary condition of the problem for the third
order linear ordinary differential equation is explored. More specifically, adjoint problem in
a Naimark sense is constructed and correspondingly adjoint problem in a new sense is
established. It was shown that the boundary conditions of the adjoint problem in a Naimark
sense have arbitrary coefficients. The boundary conditions of the new adjoint problem are
constructed uniquely.

Keywords: Boundary value problem,fundamental solution, main relations, necessary
conditions, adjoint problem.

AMS Subject Classification: 34B05.
1. Introduction

It is essential to look over the adjoint problem for the investigation of the
solutions of given problem in this article. Particularly, in mathematical physics
equations one of the necessary conditions to apply separation variables scheme is
that auxiliary operator shall be self adjoint [1]-[3]. In this paper, firstly adjoint
problem in a Naimark sense is constructed [4]. Subsequently, adjoint problem to
the necessary conditions in a new sense is established. Afterwards, we show that in
new method, coefficient in boundary problem is not arbitrary as in the first case.
Several problems were analyzed by means of this model of applying necessary
conditions. These conditions are derived from the fundamental solution of adjoint
problems equation. Namely, they are boundary value problems for differential
equations [5], [6], boundary layers problem for differential equation [7], [8] and
boundary value problems for partial differential equation. Examples of partial
equation problems are problems for first order elliptic type Cauchy- Riemann
equation [9], [10], boundary value problems of Laplace equation [10], [11] and
integro-differential equations [12], [13].

1. Problem statement

Let’s consider the following general linear boundary condition of the
problem for a third order linear ordinary differential equation:

ly=y"(0+ p(X)y"()+ax) y' () +r(x) y(x) =0, xe(ab), (1)
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lcy=ayo y(@) + byg y(b) +ay y'(a) + by Y'(b) +ay, y'(a) +

+b,y'(b)=0, k=123. (2)
Here p(X),q(X),r(x) arein xe (a,b), C?,C% and C, a,,b, k=123,
] =0,1,2 are given complex constants and (2) are linear independent boundary
conditions.

2. Lagrange formula

Let’s multiply scalar both sides of the (1) equation to the arbitrary function

z(Xx):

b b
(1y,2) = [1y- 209 dx= [[y" (0 + PO Y'Y+ a0 Y () +1 () y(X) 2 o =

b b b

= [y" 09z dx+ [ POy Z(x) dx+ [0 y'(¥) Z(x) dx+
s a a

4 j r(x) y(x) Z(x) dx .

a
Let’s integrate the first element of the right side of derived expression by parts

three times; the second element by parts twice and third element by parts once:

[y" 0z dx=y"(z([_ - [y Z()dx = y" (92X, -
~YIZM_, + [y Z' (0 dx=y' )z, -y (IZ(X[,_, +

+y()Z' ), - [y 2" (9 dx
by the same analogy we find that
[ PO y" () 20 dx = y'(x) pYZ, — [ Y9 [P(x)Z(x)] ek~

b
X

Y0P ZOOT |+ [ Y00l 200] o

[a(y (920 dx = y( a0 23, ~ [ y09 [a()z(x)] cx .
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Thus, the following expression is obtained:
b

(1y,2) = [y" (09200 - y () Z(0+ ¥ 2[5, - [y" (0 Z(xy e+
a

b
+

X=a

: {y’(x) P9 209~ Y9 (P 2(4) |

+ Y0 (P9 2(x) ) dery(xa(9Z(3)”, -

b b
[y (@200 ) dx+[r(x) 200 y() dx = B(y,2) +(y.1"2), ©)
Whaerein )
B(y, 2) = y"(b) Z(b) - y'(b) Z'(b) + y(b) Z"(b) - y"(a) Z(a) +
+Y'(8)Z'(a) - y(a) () + y'(b) p(b) z(b) — y(b) [p'(b) z(b) +
+ p(b) Z'(0)]+ y(a) [p'(a) z(a) + p(a) Z'(a)] - y'(a) p(a) z(a) +

+y(b) q(b) z(b) - y(a) a(a) z(a) 4)
is the double linear expression participating in Lagrange formula (3),
I"z2=-2"00 +(P(9) 2(x)) ~@() 2(%) +F(x) Z(x), ©)

is the left side of the equation of the adjoint problem or the action law of the [*-

adjoint operator.
In this case (2) conditions are linear independent:

ajg by ap by ap by
rang |(azy by ax by axp by (=3 (6)

azg bz asz by axp by
or (6)-matrix has non zero third order minor. Let’s construct following linear
combination from boundary conditions as given below:

3 3 3 3
(@)D Adio + Y0) D Ao + Y (@) D Adig +Y'(0) D Aby +
kL kL kL kL

3 3
+Y'(@) Y Adie +Y"(0) D Aby, =0. (7)
k=1 k=1
By comparing latter expressions with (4) we hold as true the following conditions:

ZAkka = Z'(b) - p'(b) z(b) - p(b) Z'(b) + q(b) z(b) ,

2. A =2(@) - p(a)2(a),
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> Abys =20). ®

Remark 1. (7) expressions always have three elements that satisfy conditions like
(8). Otherwise, (2) boundary conditions will not be linear independent

Let’s determine A, k=1,3 from (8). In this means the condition

o D by
n @y a5 |#0 9
p Dby by

A=

o 9 O

should be true.
Remark 2. From (6) condition we conclude that the given matrix has 3 columns
that results in third order minor different from zero. Thus, (8) or (9) are not just
conditions but shall be fulfilled.

Then, it follows from (8) that:

L |Z®-p®) Z(b)+[ab) - p'(0)]z(b) by by
A:X Z'(a) - p(a) z(a) ay asz |=
Z(b) by, b

=%{[2”(b) — p(b) Z'(b) +[q(b) - p'(b)] Z(b) ] AV +
+ [2’(3_) _ p(a) z(a)]A(z,l) + Z(b) AGD }

[P ZO-p®) Z'(b) +[a(b) - p'(b)]z(b) b

A = X a;  Z'(a)-p(a)z(a) az|=
by, Z(b) b3,

:% {[z'(b)- p(b) Z'(b) +[a(b) - p'(0)] Z(b) ] A%?) +

+[2(8) - p(a) 2N +2(b) G2 |
L | P b2 Z'B)-p(b) Z'(b) +[a(b) - p'(b)]z(b)
A =3 app an Z'(a) - p(a) z(a) =
by, by Z(b)

=%{[2”(b) — p(b) Z(b) +[a(b) - p'()] z(b) ] AL +

+[2/(@)- p(@) 2@ + 2(0) A | (10)
Lets put in (10) expression in (7) expression:
y(b) [2"(b) - p(b) Z'(b) +[a(b) - p'(b)] z(b) |+ y'(a) x
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<[2(@)- p@2@)]+y'(0)2(0) =~y (a) £ »
xZako{[z"(b) — p(b) Z(b) + [q(b) - p'(b)] Z(b) ]A% +

+[2(@) - p(a) 2(@)]A% + 2(6) A®Y |- y'(b)% y

X Z bkl{[ Z'(b) - p(b) Z'(b) + [q(b) - p'(b)] Z(b) ]A*" +

H

+[7(@) - p(a) 2(@)] A% + 2(b) A®Y |- y”(a)%x

XZakz{[z”(b)_ p(b) Z(0) + [a(b) - p'(b)] Z(b) ]A“Y +

+[Z'(2) - p(a) 2(a)]A®Y + Z(b) A |. (11)
Considering that the left side of the (11) expression overlaps with the some
elements of the (4) expression, let’s replace those elements in (4) expression
with the elements in (11) expression. Then we get that:

—Z {[z’(0) - p(b) Z(b) + [q (b) - p'(b)] Z(b) ] A% +
+[z (@) - p(a) Z(2)]A®Y + 2(b) A®¥ |[-a,, y(a) — b,,Y'(b) -

—a,,y"(a) |- y'(0) Z'(b) - y"(8) 2(a) - y(2) 2"(a) + Y'(b) p(b)z(b) +

+y(a) p'(a)z(a) + y(a) p(a)Z'(a) - y(a) q(a) z(a) | = 0. (12)
The (11) expressions are not dependent to y(a),y(h) and y"(a). Thus we get
following boundary conditions for adjoint problem:

p'(a) z(a) + p(a) Z(a) - 4(a) z(a) - Z'(a) —%x

x 2 {2(0) - P(0) Z(b) +[a (b) - P'(b)] 2(0) JA™ +

+[Z(a) - P(a) 2a)|A®Y + 2(b) A®Y |a, =0,

p(b) z(b) - Z'(b) —i > {[2'()-p(b) Z(b) + [ (B) - P'(D)

x 2(0)] A* + [Z'(a) - P(a) 2(a)|A®Y + 2(b) A°¥ }b,, =0,

- Z(a) _i > {[z'(b) - p(b) Z'(b) + [a(b) - P'(0)] z(b) [A™ +

k=1
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+[Z(2a) - P(a) 2(a)|A®Y + 2(b) A®¥ }&,, =0. (13)
Thus, the following statement is obtained:
Theorem. If in (1)-(2) the conditions
peC®(ab)nC®[ab]geC®(ab)C[ab]reC(ab)
are satisfied and (2) conditions are independent, then adjoint problem (1), (2) is in
the form of (5), (13)
Remark 3: Because the boundary conditions are linear, we can also construct the
adjoint problem by applying the same scheme. By using given boundary
conditions we can derive six expressions for y'*/(a), ¥'*/(b) k=0,2. We can
express three of them by the means of other three(or independently)
Result: In this paper unlike Naimark scheme relevant adjoint problem to the given
boundary problem is constructed uniquely. Afterwards, depending on given
boundary problem’s coefficients, the equation of adjoint problem and coefficients
of boundary conditions are determined unambiguously.
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Uclinci tartib xatti diferensial tanlik ticlin sarhad masalasina
yeni manada gosma masslanin qurulmasi
A.M. Quliyeva

XULASS

Burada Uclincu tartib adi xatti diferensial tanlik ¢tn Umumi xatti sarhad sarti
daxilinde masalaya baxilmisdir. ©vvalca Naymark manada qosma masala, sonra ise yeni
manada qosma masala qurulmusdur. Gostarilmisdir ki, Naymark manada qurulan gosma
masalanin sarhad sartlari &zlerinds ixtiyari amsallari saxlayir. Yeni qurulan gosma
masalanin sarhad sartlari isa yegana qayda ila qurulmusdur.

Acar sozlar: Sarhad masalasi, fundamental hall, asas munasibat, zaruri sartlsr, gosma
masala.
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MoCTpOoeHME CONPSIXKEHHOI 3ajaun B HOBOM CMbIC/IE A/ FPaHUYHON
3alaun, onMcbIBaeMOi NMHENHBLIM AnddepeHUMaIbHBIM
ypaBHeHVEM TPETLEro Nopsiika

A.M. I'ynueBa
PE3FOME

3gecb  Oblna  paccMOTpeHa  3ajaya  [And  OObIKHOBEHHOrO  /IMHEHOro
AnddepeHUManbHOro ypaBHeHWst TPETbLEro Mnopsiaka, B npefenax OO6LLEro AMHEMHbIX
rpaHUYHbIX yCnoBWiA. BHauane 6Obina cOCTaBfieHa COMPSHKEHHas 3afjada B CMbICne
Halimapka, 3aTeM COMpsHKeHHas 3afava B HOBOM CMbIC/e. Bbln0 MOKasaHo, YTO rpaHnYHbIe
YCNOBUSI COMPSKEHHON 3aAaun MOCTPOEHHOW B cMbicne Halimapka, COXpaHsoT npu cede
NPOV3BO/bHbIE KOIPMULMEHTBI. FpaHUYHble YCNIOBUS HOBOW COMPSPKEHHON 3aaumn 6binn
MOCTPOEHbI COrNacHO eAMHCTBEHHOMY MpPaBy

KntoueBble cfioBa: rpaHW4YHas 3agaya, (yHAaMeHTa/lbHOE PELLEHUE, OCHOBHbIE
COOTHOLLEHWS, HEOBXOAMMbIE YC/OBWUS, COMPSHKEHHas 3a4a4a
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